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Abstract: The Casson model is a fascinating model, which is genuinely recommended for use with
fluids of a non-Newtonian type. The conventional model is not capable to represent the Casson
model with the suspension of foreign bodies (dust particles). Due to this, the two-phase model for the
mixture of Casson model fluid and dust particles is formulated. This study examines the emerging
role of dust particles in changing the behavior of Casson model. In particular, two-phase flow of
dusty Casson model with modified magnetic field and buoyancy effect under Newtonian heating
boundary condition along a vertically stretching sheet is considered. The equations that govern under
Casson model, together with dust particles, are reduced to a system of nonlinear ordinary differential
equations by employing the suitable similarity variables. These transformed equations are then
solved numerically by implementing the Runge–Kutta–Fehlberg (RKF45) method. The numerical
results of skin friction coefficient plus Nusselt number are displayed graphically. The results revealed
the fluid’s velocity tends to deteriorate due to the existence of dust particles, whilst its temperature is
increased. The two-phase flow is one of the mathematical modeling techniques for multiphase flow,
where the relationship between the fluid and solid is examined more closely. It is expected that the
present findings can contribute to the understanding of the theory of two-phase flow mathematically,
which will continue to produce significant research in this field.
Keywords: two phase model; Newtonian heating; dusty non-Newtonian fluid; convection transport;
modified magnetic field
1. Introduction
The convection flow of fluid occurs due to the temperature difference and heat transference rate.
In particular, the mechanism of convection can be classified into three types, which are free, forced and
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mixed. Free or natural convection is solely caused by the buoyancy force, while forced convection
happens because of the external sources such as pump and fan. Mixed convection occurs when those
two convections occur simultaneously. Engineering fields contain many applications of free convection
flow, for instance, automatic control system of electrical and electronic components [1]. It is found
that the obtained findings from the stretching sheet flow of viscous fluid with free convection are
significant for fabric, plastic and polymer industries [2,3]. Therefore, most of the available literature
on the flow problem deals with free convection under certain circumstances, such as various types
of surfaces, physical parameters, as well as types of fluid and boundary conditions. Together with
free convection, the boundary condition of Newtonian heating (NH) has also been conducted by
Merkin [4]. As a continuance to this pioneering study, Lesnic et al. [5] and Chaudhary and Jain [6]
investigated the viscous fluid flow corresponding to those dimensions. The same problem was also
investigated, but with a focus on non-Newtonian fluid flow over a solid sphere, which can be found
in [7–9]. In the study reported by Mohamed et al. [10], they showed that the increase in conjugate
parameter for NH has increased the temperature profile of viscous-type fluid. Kasim and Shafie [11]
examined the convective flow of viscoelastic-type fluid transient a circular cylinder by taking into
account the boundary condition of constant heat flux. The unsteady state of mixed convection flow of
micropolar fluid moving along an inclined stretching plate has been scrutinized by Kasim et al. [12].
Furthermore, some interesting studies regarding fluid flow and heat transfer for various aspects have
been investigated, as reported in [13–29].
The above literatures have been focused on the investigation of fluid flow only (single phase) and
the drawback of this model is that it cannot solve the flow problems of fluids with the suspensions of
impurities or dust particles. To overcome this limitation, the two-phase flow model is proposed so that
the properties of both fluid and dust particles are taken into account. The packed bed, sedimentation,
environmental pollution, centrifugation, purification of crude oil and paint spraying are among the
two-phase flow phenomena. The pioneering study reported by Saffman [30] for two-phase flow of
gas-carrying solid particles leads to the development of research study in this area. Datta and Mishra [31]
investigated the drag and transverse forces on boundary layer flow of dusty viscous fluid. Ramesh et
al. [32] investigated the effects of magnetic field and non-uniform source/sink for the stagnation flow of
dusty fluid. Manjunatha et al. [33] studied the flow characteristic of dusty fluid over a stretching cylinder
in a porosity environment associated with the radiation factor and source of heat. A number of researchers
have reported the dusty non-Newtonian fluid flow for various important elements. For instance, Prakash
et al. [34] conducted an exact analysis of perturbation technique for dusty viscoelastic fluid in a porous
space. Meanwhile, Gireesha et al. [35] focused on the numerical investigation of dusty Maxwell fluid flow
with influences of mixed convection, radiation and heating source sources. Recently, Mahanthesh and
Gireesha [36] examined the dusty Casson model fluid on the thermal Marangoni convection flow passing
a permeable plate. Recently, several works on the dusty non-Newtonian fluid with dissimilar effects have
been acknowledged in the literature, as documented in [37–39].
To date, free convection flow with regard to a two-phase flow model under the influence of modified
magnetic stimuli has not been discussed in the literature. Therefore, the present problem aims to examine
the Casson model with dust particles by introducing the Newtonian heating along the sheet. The model
is first transformed into an appropriate form by employing the suitable similarity transformation before
applying the Runge-Kutta–Fehlberg (RKF45) for computation. The fluid characteristic correspond to
the variations of several physical parameters are illustrated in graphical form.
2. Problem Formulation
For this present investigation, the steady, laminar and incompressible two-phase flow of dusty
Casson model is considered. The flow of stretching sheet is driven by a uniform stress with the velocity
of uw(x) = ax. The constant a taking as positive value. Figure 1 illustrates the flow region of a vertical
stretching sheet, where an acute angle α1 is imposed together with magnetic field. The size as well as
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the densities of the spherical dust are assumed to be the same all over the flow, and it is considered
that the particles are non-interacting.
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The governing equations stated above are solved using the following boundary conditions, which
are defined as
u = uw(x) = ax, v = 0, ∂T∂y = −hsT at y = 0
u→ 0, up → 0, vp → v, T→ T∞, Tp → T∞ as y→∞
(14)
where a is positive constant. Since the thermal boundary condition Newtonian heating is considered,
the term T represents the actual surface temperature and hs is the heat transfer parameter, referring to
the situation where the heat transfers initiated from the surface to the surrounding fluid. In addition,
at the free stream, the velocity of the dust particles is assumed to approach the fluid velocity while its
temperature is conceivably attained at the equilibrium stage.
Equations (8) to (14) are transformed into dimensionless equations using the following similarity
transformations, which are given as
u = ax f ′(η), v = −
√
aν f (η), η =
√
a
ν y, θ(η) =
T−T∞
T∞






where u = ∂ψ/∂y and v = −∂ψ/∂x, in which ψ represents the stream function. By using Equation (15),
the resulting ordinary differential Equations (8)–(13) can be expressed as(
1 + 1A
)
f ′′′ (η) + f (η) f ′′ (η) − ( f ′(η))2 + Grθ(η) + βN(F′(η) − f ′(η))
−M sin2 α1 f ′(η) = 0,
(16)


















The transformed boundary conditions (14) are denoted as
f (0) = 0, f ′(0) = 1, θ′(0) = −b(1 + θ(0)) as η = 0
f ′(η)→ 0, F(η)→ 0, F(η)→ f (η),θ(η)→ 0,θp(η)→ 0 at η→∞
(20)
where ( )′ is the first derivatives of any function with respect to η. The dimensionless parameters
contained in Equations (16)–(20) are defined as
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Here the Gr = gβ∗T∞/b2x is the local Grashof number and is still in the function of x. It is worth
mentioning that, Equations (16)–(19) are required for the similarity transformation as represented
in Equation (15), whereby the solutions should solely depend on variable η. Thus, variable x that
appears in Gr needs to be eliminated so that it can be considered as a constant. Subsequently, Gr can
be redefined by assuming β∗ = bx, where β∗ has the dimension of x (length) and b is a constant value.
Since the term x only happened to be in the local Grashof number parameter, the particular relations
are anticipated to make the obtained equations more realistic. The parameter Gr can now be written as
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where Rex = (ax2/ν) declared as a Local Reynolds number.
3. Numerical Procedure
Among the various numerical methods, the Runge–Kutta–Fehlberg (RKF45) method is employed
in this study because of its undeniable success for solving the two-phase flow problems, which can
be found in many existing works such as reported by Isa et al. [47] and Ramesh et al. [48]. Thus, it
is believed that this method is very stable and relevant for this kind of problem. In order to obtain
solutions, Equations (16)–(19) along with the boundary conditions of (20) are solved by using the
RKF45 method, and the numerical computation is carried out using Maple software. The numerical
solutions obtained from this study are needed to satisfy the boundary conditions (20) to confirm their
correctness. Therefore, the suitable finite value of η∞ = 8 is chosen since the velocity and temperature
profiles are asymptotically approaching zero at free stream. The whole computation has used the
default relative error as 10−6, while the final grid size and relative error at the end of estimation process
were use the value of 0.02 and 10−4, respectively.
4. Results and Discussion
The dusty Casson model on free convection flow, with the effect of an aligned magnetic field
subjected to boundary conditions of NH, has been presented. The significant feature of this model is that
the governing equations for each phase are formulated separately, and they are coupled via an interaction
term. It is also worth noting that if β = N = 0 and α1 = π/2 is substituted into Equations (16)–(19), this
present study replaces the free convection of the Casson model flow problem with a transverse magnetic
field. To assure the accuracy, the present numerical results are compared with published work as
reported by Vajravelu et al. [49] and exact equation (21) illustrated in Table 1. In their study, an optimal
homotopy analysis method (OHAM) has been used to obtain the results of − f ′′ (0), specifically for the
case of linear stretching sheet of Casson model without mixed convection effects. As shown in the table,
those results agreed reasonably well, which validates the obtained present solutions. Note that, the
computed results from the current study as presented in Table 1 are acquired by completely ignoring
the parameters β, N, Gr, M. The numerical analyses of flow behavior and heat transfer process are then
performed with regard to the various values of controlling parameters. The fixed values of parameter
Pr = 0.72, α1 = π/6, β = 0.5, N = 0.5, M = 1, A = 1, Gr = 0.1, λ = 0.1 and b = 0.2 are computed
throughout the study except from the variation of their values as illustrated in the Figures 2–19.
Table 1. Numerical values of − f ′′ (0) when β = N = Gr = M = 0.
A Exact Equation (21) Vajravelu et al. [49] Present
∞ 1.0000 1.0000 1.0000
1 0.707107 0.707107 0.707107
2 0.816497 0.816497 0.816497
3 0.866025 0.866025 0.866025
4 0.894427 0.866025 0.894427
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T l presents the numerical values of skin friction coefficient, − f ′′ (0) and temperature, θ(0) of
the fluid flow at the surface of the sheet by varying the values of controlling parameters. It can be
noticed that, the magnitude values of f ′′ (0) decreases when Gr and b are increased, while its magnitude
value is found to increase as the remaining parameters escalate. On the other hand, the value of θ(0)
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reduces with the growing effects in Gr and Pr but increases upon the increase of other parameters.
From the results demonstrated in this table, one can expect that the increasing value of f ′′ (0) led to
the deceleration of fluid motion of the corresponding parameters as a consequence of high friction
occurring on the surface. However, a similar trend between θ(0) and the temperature profile of the
fluid phase is observed for all investigated parameters. Therefore, to provide a better picture of those
observations, the profiles of velocity and temperature of the fluid phase under the influence of the
involved parameters will be depicted in the ensuing figures. Note that, the negative sign of f ′′ (0) is
associated with the dragging force generated by the surface on the fluid.
Table 2. Numerical values of − f ′′ (0) and θ(0) for various values of parameters.
A α1 M β Gr b Pr −f”(0) θ(0)




























Figures 2–5 display the velocity profile of fluid and dust phases with regard to the parameters
of magnetic field, M and aligned angle, α1. It can be observed from those figures that, the velocity
profiles are reduced when both parameters increased. The growth of effect of M is solely caused by
the increment of α1 and the correlation between two parameters can be mathematically explained
through Equation (16). Therefore, the drag (Lorentz) force has been developed on the flow region and
caused the motion of fluid and dust particles to decelerate. In addition, the present problem can be
reduced to a free convection flow problem of a dusty Casson model in the absence of a magnetic field
if α1 = M = 0, while α1 = π/2 corresponds to the transverse magnetic field flow.
Figures 6 and 7 portray the variation values of Casson parameter, A on the velocity and temperature
profiles. As illustrated in Figure 6, the increase in value of A leads to the decrease in the velocity profile
of the fluid phase, since the yield stress became lower to cause a situation in which the fluid behaves
like a rigid body. Thus, the transport rate of the fluid is depreciated. It can also be noticed that the
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motion of dust particles is decelerated. Meanwhile, this observation is opposite to the temperature
profile, in which the increasing trend is noticed. It is worth mentioning that, as A→∞ , the Casson
model reduces to Newtonian model.
Figures 8 and 9 exhibit the variation values of parameter β, in which it is evaluated to analyse the
influence of dust particles in the Casson model. Note that, when β = 0, the single phase flow of Casson
model without the presence of dust particles can be recovered from this present problem. As referred
to Siddiqa et al. [41], dust particles begin to move once the fluid flows. It can be seen in Figure 8 that
the velocity profile of the fluid (dust) phase decrease (increase) as the value of β is increased. This is
due to the decrease in relaxation time of particle phase τv, where the dust particles adjust its velocity
and move quickly through the fluid carrier so that the velocities of both fluid and dust particles will be
equilibrium. On the other hand, the temperature profile of all phases are observed to increase, and
it can be see that the variation of β insignificantly affect the temperature profile as compared to the
velocity profile.
Figures 10 and 11 demonstrate the influence of buoyancy intensity on the dusty Casson model
by evaluating the Grashof number, Gr. A slight increase in velocity profile is noticed as Gr increased.
Physically, the influence of increasing buoyancy force results in a rise in temperature differences,
causing the fluid motion to accelerate. Conversely, the temperature profile of both phases reduces
as Gr is increased. It can be seen from those figures that, the variation of both profiles show a small
difference when the value of Gr changed.
Figure 12 shows that the increasing impact of conjugate parameter b results in the increase in
temperature profile for both phases. The possible explanation stemming from this might be that, for a
large value of b, the heat transfer parameter hs enhances, and thus encourages the heat transfer from
the heated surface to fluid more rapidly. In contrast, the increasing effect of Pr reduces the temperature
profile of both phase, as shown in Figure 13. From the theoretical perspective, the higher value of Pr
has a low thermal conductivity, and correspondingly reduced the capability of fluid to absorb heat
from the heated sheet.
Figure 14 elucidates the increasing value of magnitude value of skin friction coefficient with β as
M is increased. However, the decreasing trend of magnitude value of skin friction coefficient with
regard to the increase in values of α1 and A is observed, as shown in Figure 15. It could be attributed to
the augmentation of magnetic field strength, which gives rise to the increase in drag-like force on the
flow regime. Because of this, the fluid flow tends to retard and it is expected that, the velocity of fluid
decelerates, as shown in Figures 2, 4, 6 and 8. The negative value of skin friction coefficient reflects the
dragging force caused by the sheet to the fluid [46].
Figures 16 and 17 provide the correlation of Gr and β with various values of Pr and b, respectively
on the Nusselt number. Both parameters of Pr and b are important in the convection process in the
heat transfer problem, since they have significantly influenced the temperature profile, which can be
seen in Figures 12 and 13. Therefore, in those figures, a noticeable change in the variation of Nusselt
number is observed. From Figure 16, the increase in value of Pr as Gr is enhanced can be seen and this
tends to increase the Nusselt number. Meanwhile the decreasing trend of Nusselt number corresponds
to the increase in values of b and β is observed, as shown in Figure 17. These observations are expected,
since the fluid temperature at the surface is inversely proportional to Nusselt number, as denoted in
Equation (24). As a result, the decrease in value of surface temperature leads to the increase in Nusselt
number. Moreover, this implies to the decreasing (increasing) trends of fluid temperature with regard
to the enhancement effects of Pr and Gr (b and β), as shown in Figures 9 and 11–13.
Figures 18 and 19 present the combined effects of parameters of b and Pr on the surface temperature,
θ(0). Note that, the solutions of θ(0) are only acceptable if the obtained result is positive. It can be
observed from Figure 18 that, the values of θ(0) correspond to b = 0.2 and 1.0 are physically acceptable,
when Pr are greater than its critical values of Prc = 45.7509 and 32.0921 respectively. Similarly, the
possible solutions of positive values of θ(0) for Pr = 0.72 and 7 are obtained when b are lower than
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its critical points of bc = 0.6558 and 1.9535, respectively. These critical values could be used as a
benchmark for other research works, specifically for those deals with the boundary condition of NH.
5. Conclusions
The present study has discussed the steady two-phase flow of a dusty Casson model over a
vertical stretching sheet. In addition, this study has also presented how the influences of modified
magnetic field and buoyancy force together with boundary condition of NH affected the velocity and
temperature profiles of fluid and dust phases, respectively. The significant findings from this study
can be summarized as follows:
• The distributions of f ′′ (0) and θ(0) provide an important insight into the circumstances that
happen on the surface of the sheet.
• The dust particle is found to be the reasoning factor, which decreases fluid transport and increases
the fluid heating process, when β is increased.
• The velocities of fluid and dust particles (temperature) decreases (increases) with the increase in
α1 and M.
• The velocity (temperature) profile of fluid and dust phases increases (decreases) as Gr is increased.
• The temperature profile of both fluid and dust phases increases as b increases. Conversely, a
reverse trend is clearly depicted when Pr grows.
• The skin friction coefficient and Nusselt number possess the similar behavior under the effects of
α1, A, b and β. Meanwhile, an opposite trend in Nusselt number is noticed with the presence of
Pr and Gr.
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